RESUMEN: El reaseguro es uno de los instrumentos que un asegurador puede utilizar para mitigar el riesgo de suscripción y por lo tanto controlar su solvencia. En este artículo, nos centramos en los contratos de reaseguro proporcional y examinamos diversos problemas de optimización y decisión del asegurador respecto de la estrategia de reaseguro. Con este fin, utilizamos como instrumentos de decisión no sólo la probabilidad de ruina sino también la variable aleatoria déficit en el momento de ruina si la ruina ocurre. La función de penalización descontada se utiliza para calcular como casos particulares la probabilidad de ruina, y los momentos y la función de distribución del déficit en el momento de ruina si la ruina ocurre.
Introduction
The influence of reinsurance strategies on the solvency of the insurer is an important subject and has been widely analyzed in actuarial literature. A common approach is to minimize some measure of the insurer risk after reinsurance (see e.g. [1, 2, 3, 4, 5, 6, 7, 8] ). Several optimization problems have been considered using different kinds of reinsurance strategies, being the proportional, the excess of loss and the stop-loss the most well-known (see [9] and the references therein).
One of the main measures used to control solvency is ruin probability, but in this paper we use also other measures related to the deficit at ruin if ruin occurs, as its expectation or the Value at Risk (V aR) or the Tail Value at Risk (T V aR). We study the random variable deficit at ruin if ruin occurs in the classical risk theory model considering a proportional reinsurance arrangement, where the retention level is not constant and depends on the level of the surplus. This type of reinsurance, called threshold proportional reinsurance, has been first defined and studied in [3, 4] , and includes, as a particular case, the classical proportional reinsurance with constant retention level.
The main objective of this paper is to study the effect of the threshold proportional reinsurance on the probability of ruin and on the other risk measures related with the deficit at ruin. The Gerber-Shiu function [10, 11] is used as the mathematical tool in order to obtain general results that can be translated into explicit expressions for phase-type 2 distribution. We also perform a comparative analysis with the proportional reinsurance. Our results can assist the insurer in his reinsurance decision process concerning solvency (related optimality problems in reinsurance can be found for instance in [12, 13, 14, 15] ).
After this introduction, the paper is organized as follows. In Sections 2 and 3, notation, assumptions and preliminaries are included. In Section 4.1, we present some general results for the Gerber-Shiu function for the ruin probability, the ordinary moments and the distribution function of the deficit at ruin if ruin occurs, when the individual claim amount follows a general phasetype distribution. In Section 4.2, we assume a phase-type 2 distribution and analyzed the previous results. Then, the explicit expressions are obtained. An interesting result about the distribution of the deficit at ruin if ruin occurs in a model with a threshold reinsurance is demonstrated in Proposition 3. In Section 5, some optimization and decision problems of the reinsurance strategy are presented. In this analysis, the ruin probability and the deficit at ruin if ruin occurs are used as decision tools for the insurer. This section includes some numerical examples. Section 6 closes the paper giving some concluding remarks.
Notation
In the classical risk theory model, the surplus, R(t), at a given time t ∈ [0, ∞) is defined as R (t) = u + ct − S (t), with u = R (0) ≥ 0 being the insurer's initial surplus, S (t) the aggregate claims and c the instantaneous premium rate. S (t) is modeled as a compound Poisson process
The claim number process {N (t)} t≥0 is assumed to be Poisson with parameter λ. Specifically, the corresponding claim inter-arrival times, denoted by {T i } at rate c per unit time, where c = λE [X] (1 + ρ) , and ρ > 0 is the premium loading factor.
The time of ruin is T = min {t ≥ 0 | R (t) < 0}, with T = ∞ if R (t) ≥ 0 for all t ≥ 0. The deficit at ruin if ruin occurs is Y = |R (T )| and the surplus immediately prior to ruin is R (T −). The probability of ultimate ruin from initial surplus u is denoted ψ (u) and defined by
where I (A) = 1 if A occurs and I (A) = 0 otherwise. Gerber and Shiu [10] introduced the Gerber-Shiu discounted penalty function φ(u),
being δ ≥ 0 the discounted factor, and w(l, j), l ≥ 0, j > 0, the penalty function, so that φ(u) is the expected discounted penalty payable at ruin. This function is known to satisfy a defective renewal equation [10, 11] . This function can be used to study the traditional quantities of interest in classical ruin theory, such as ruin probability, time of ruin or deficit at ruin. Therefore, depending on the penalty function w(l, j), we can obtain different interpretations for the Gerber-Shiu function:
i.e. the defective Laplace transform of the time of ruin being δ the parameter. In addition, if we consider δ = 0, the ultimate ruin probability is obtained
ii) For w(l, j) = j m and m ≥ 1,
and dividing this Gerber-Shiu function by the probability of ruin, the ordinary discounted moments of the deficit at ruin if ruin occurs are obtained,
If we let δ = 0 in (2), the ordinary moments of the deficit at ruin if ruin occurs are obtained. iii) For w(l, j) = I (j ≤ y),
and dividing by the probability of ruin we obtain the distribution function of the discounted deficit at ruin if ruin occurs,
If we let δ = 0, the distribution function of the deficit at ruin if ruin occurs is obtained.
In this paper we analyze the deficit at ruin in the classical risk theory model assuming a compound Poisson process for the aggregate claims and a phase-type distribution for the individual claim amount, when the insurer considers a threshold proportional reinsurance.
The threshold proportional reinsurance strategy [4] is a dynamic strategy with a retention level that is not constant and depends on the level of the surplus, R (t). A retention level k 1 is applied whenever the reserves are less than a threshold b ≥ 0, and a retention level k 2 is applied in the other case. Then, the premium income retained is c 1 and c 2 , respectively. We consider that the retention levels give new positive security loadings for the insurer, i.e. the net profit condition is always fulfilled. Then, we can define
, ρ R being the loading factor of reinsurer.
Assumptions and preliminaries
In our model with threshold proportional reinsurance strategy, the discounted penalty function (1) behaves differently, depending on whether initial surplus u is below or above the level b. Hence, for notational convenience, we write
In [3] a theorem for the integro-differential equation for the Gerber-Shiu function (1) is obtained in a Poisson model for the claim process. We include this theorem in order that the paper is selfcontained, taking into account that we will use it in the next sections.
Theorem 1
The discounted penalty function φ(u) in a Poisson process model satisfies the integrodifferential equations
where
Let w (R (T −) , |R (T )|) be a non-negative function of R (T −) > 0, the surplus immediately before ruin, and |R (T ) | > 0 the surplus at ruin.
As we focus our analysis on the deficit at ruin if ruin occurs, we will consider only a specific subgroup of penalty functions
We assume that the individual claim amount follows a phase-type distribution P H(v, S). Key results of modern theory of phase-type distributions including theoretical properties, characterization and applications can be found in [16, 17, 18, 19, 20] . Most of the original applications of phase-type distributions are in queuing theory, but these kind of distributions are widely used in risk theory in the last years. In [21] many applications in this field can be found. Other important references on phase-type distributions in risk theory context include [22, 23, 24, 25, 26, 27] . We present a brief overview of phase-type distributions and their properties.
Phase-type distributions:
We consider a continuous time Markov chain with a single absorbing state 0 and N transient states. The row vector v contains the probabilities α j that the process starts in the various transient states j = 1, 2, . . . , N . If the probability of starting the process in the absorbing state is zero, N j=1 α j = 1. Then, ve = 1 where e is a column vector of ones with N × 1 elements.
The infinitesimal generator Q for the continuous time Markov chain is given by
where S is the matrix of transition rates among the transient states and S 0 is the column vector of absorption rates into state 0 from the transient states. Necessarily, S 0 = −Se , and S is an N × N matrix whose diagonal entries are negative and whose other entries are non-negative. Under these assumptions, the distribution of time X until the process reaches the absorbing state is said to be phase-type distributed and is denoted P H(v, S) with distribution F X (x) = 1 − v exp (Sx) e for x ≥ 0, density function f X (x) = v exp (Sx) S 0 for x > 0 and ordinary moments α m (X) = (−1) m m!vS −m e , being exp (·) the matrix exponential.
The Laplace transform of the density functionf
The finite mixture of phase-type distributions is a phase-type distribution. Let X i , i = 1, . . . , k be distributed as P H(v i , S i ), and Y = I i X i being k i=1 I i = 1, and P (
Phase-type distributions with N = 2 are phase-type distributions with
where γ, µ > 0 and 0 ≤ α, β ≤ 1, αβ < 1 with a density satisfying (7) , i.e., f
In [28] it is demonstrated that any phase-type distribution with N = 2 is either an hyperexponential distribution or a linear combination of an exponential and an Erlang(2) with the same scalar parameter. Then, following [28] , a phase-type distribution with N = 2, can be always expressed in standardized form with v = (α 1 , α 2 ), S = −a 1 a 2 0 −a 4 , a 1 , a 2 , a 4 ≥ 0, being a 1 = β 1 , a 4 = β 2 and a 2 = 0 for the hyper-exponential(β 1 , β 2 ) distribution and a 1 = a 2 = a 4 = β for a linear combination of an exponential(β) and an Erlang(2, β). It is easy to prove that the following relations are fulfilled for the standardized form, b 1 = a1+a4 a1a4 and b 2 = 1 a1a4 and that the density function using the standardized form is f X (x) = α 1 (a 1 − a 2 ) e −a1x + α 2 a 4 e −a4x + α 1 a 4 a 2 xe −a1x .
Gerber-Shiu function with X phase-type 2 distributed
In order to find the expression of the Gerber-Shiu function if the individual claim amount follows a phase-type distribution we first need to obtain the ordinary differential equation from the integrodifferential equation included in Theorem 1 and then, solve it. In this section, we present some results that are general and useful for any phase-type, the ordinary differential equation and the expression for ξ s (u) for s = 1, 2. Next, we obtain the explicit expression for the Gerber-Shiu function for N = 2.
General results
In Proposition 1, we present the ordinary differential equation for the Gerber-Shiu function in a Poisson process model. It is general with respect the three specific expressions included in W D. This is an important result that implies that if we are analyzing the probability of ruin or the deficit at ruin if ruin occurs, the structure of the solution will be the same. Then, where is the difference? The difference is included in the expression of ξ s (u) for s = 1, 2. In Proposition 2, we present a general expression of ξ s (u).
Proposition 1 If the individual claim amount is distributed as a P H(v, S) and w(l, j) = w (j), φ (u) is the solution of the ordinary differential equation,
where φ s (u), s = 1,2 being s = 1 for 0 < u < b and s = 2 for u > b.
The proof of Proposition 1 is included in Appendix.
Proposition 2 Let the individual claim amount X ∼ P H (v, S). Then
where S * = S ks and X * s ∼ P H(v, S * ).
If the penalty function is j m , then
and taking into account
If the penalty function is I(j ≤ y),
and considering v * and H s (u),
Results for N = 2
From Proposition 2, we derive the following corollary, that gives the expression of ξ s (u), s = 1, 2 assuming a P H(v, S) with N = 2 expressed in standardized form. For the penalty functions i) w(l, j) = 1: C (s)
Proof. Let X ∼ P H (v, S), be S a matrix expressed in standardized form, and be a i,s the elements of S * = S ks , s = 1, 2. For w(l, j) = 1, from (11), if we let a i,s = ai ks , For w(l, j) = j m , from (13) , and substituting v * = v exp(S * u) Hs(u) ,
And for w(l, j) = I(j ≤ y), from (15) and using v * ,
Then, the corollary is proved.
Obviously, from Corollary 1, it is possible to obtain the particular cases included in phase-type 2 distributions. If we consider the hyper-exponential(β 1 , β 2 ) distribution, a 1 = β 1 , a 2 = 0 and a 4 = β 2 . Then, for the penalty function equal to 1, C 
If, in addition, we consider α 1 = 1 and α 2 = 0, then we get the Erlang(2, β) distribution. The exponential distribution is not a phase-type 2, but it can be obtained considering that α 1 = 0 and α 2 = 1.
Once we have obtained the different expressions of ξ s (u), we can solve the integro-differential equation for the Gerber-Shiu function. From (10) 
where φ s (u), s = 1, 2 being s = 1 for 0 < u < b and s = 2 for u > b.
In order to solve (16) we obtain the characteristic equation for 0 ≤ u < b,
and for u ≥ b,
with r i , i = 1, ..., 6, real and distinct roots of the characteristic equations, so
To obtain the ruin probability, and the moments and the deficit at ruin (not their present values) we have to consider δ = 0, so r 3 = r 6 = 0.
Then, to determine D i , i = 1, . . . , 6, we need six equations. One equation is obtained from lim u→∞ φ(u) = 0, that gives D 6 = 0. Another equation comes from the continuity condition
The other four conditions are obtained substituting (17) in (5), integrating and rearranging terms, considering Corollary 1, and taking into account the values of a 1 , a 2 and a 4 .
For the hyper-exponential(β 1 , β 2 ) distribution, let us define
α2 , then the four equations are
For the linear combination of an exponential(β) and an Erlang(2, β), let us define h 1 = C
1 +C
α1β , then the four equations are
Let us rewrite the linear equation system formed by (18) and (19) or (20) in matrix form, A · D = H, being D the vector of unknowns, D = (D j ) j=1,...,5 , considering H the vector of independent terms H = (0, h 1 , h 2 , h 3 , h 4 ) , and A the matrix of the coefficients of the system.
Solving the system we obtain
h i · f ji , j = 1, ..., 5, being f ji the elements of the matrix A −1 . From (17),
being c z (u) = Proof. The distribution of the deficit at ruin if ruin occurs from (3) and δ = 0 is F Y (y) = φ(u) ψ(u) . For 0 ≤ u < b, from (21),
Knowing the values of h z , z = 1, ..., 4, defined in (19) and (20) , and considering the values of C (s) i in Corollary 1 for w(l, j) = I(j ≤ y), substituting in (22) , and grouping terms we obtain
being
Let v 1 = P 11(u) W1(u) , P 12(u)
W1(u)
and v 2 = P 13(u) W2(u) , P 14(u) W2(u) , then (23) can be written as
Taking into account that Q s , s = 1, 2 has the structure defined in (9) , then the distribution of the deficit at ruin if ruin occurs is a mixture of two phase-type distributions, Y 1 ∼ P H (v 1 , Q 1 ) and
, being the weights W 1 (u) and W 2 (u). Then, considering that the finite mixture of a phase-type distribution is a phase-type distribution, from (8), the proposition for 0 ≤ u < b is proved.
For u ≥ b, applying a similar process it can be demonstrated that Y ∼ P H (τ (u), M ), with τ (u) = (P 2 z (u)) z=1,...,4 . So, Y is a mixture of two phase-type distributions Y 1 ∼ P H (v 3 , Q 1 ) and
and v 4 = P 23(u) V2(u) , P 24(u) V2(u) , being the weights V 1 (u) = (P 2 1 (u) + P 2 2 (u)) and V 2 (u) = (P 2 3 (u) + P 2 4 (u)) .
Example 1
As an example, we calculate the probabilities of ruin and the distribution of the deficit at ruin if ruin occurs assuming a threshold reinsurance strategy with X i ∼Erlang(2, β) and the following values for the parameters β = 2, λ = 1, b = 2, k 1 = 0.8, k 2 = 0.45, ρ = 0.15, ρ R = 0.25 and δ = 0. Let us first obtain the ruin probability. We know that, in this case, the independent terms of system (20) , h z , z = 1, ..., 4 are equal to one and that the matrix A −1 is In this section, we quantify the effect on the deficit at ruin if ruin occurs of a proportional reinsurance (included the threshold). It is known, [29] , that when the individual claim amount follows a phase-type distribution P H (v, S), the deficit at ruin if ruin occurs, Y , is also phase-type distributed with representation P H (Π G , S), where
Then, if the insurer uses a proportional reinsurance contract to reduce the risk, what is the effect on the probability of ruin and on the deficit at ruin if ruin occurs? Let us consider a proportional reinsurance with parameter k, 0 < k ≤ 1, such that the retained claim amount for the insurer is X R = kX and the retained premium is λE [X] (1+ρ)−λE [X] (1−k)(1+ρ R ). We consider that the retention level k gives new positive security loading for the insurer, ρ N = ρ−ρ R (1−k) k > 0, i.e., the net profit condition is always fulfilled (see [30] for more details). Then, if X follows a phase-type distribution P H (v, S), X R is also phase-type distributed, P H v, S k . The ruin probability with proportional reinsurance is
Hence, the expectation and the variance of the deficit at ruin if ruin occurs can be easily calculated:
However, there is no explicit expression for this V aR p [Y ], it has to be calculated numerically (the package actuar in [31] provides functions for phase-type distributions). The Tail Value at Risk of Y at level p, T V aR p [Y ], can be calculated from the Value at Risk at the same level considering the following formula [32] ,
As an application, we develop the example that has first been used in [33] . They consider an individual claim amount distribution that is an equal mixture of two exponentials at rates 3 and 7 respectively, with Poisson claims at rate λ = 1 and a relative security loading ρ = 0.4. In this case, . The deficit at ruin if ruin occurs, Y , is phase-type distributed, P H (Π G , S),
It is straightforward to include in the model a proportional reinsurance. Let consider a retention level k and a security loading of the reinsurer ρ R = 0.5, with 0.2 < k ≤ 1. Then, the net security loading for the insurer is ρ N = 0.5k−0. We consider now a threshold proportional reinsurance, that is defined by its three parameters (b, k 1 and k 2 ). In this case, the probability of ruin is given by (21) , and the deficit at ruin if ruin occurs is phase-type 4 distributed (see Proposition 3). The explicit expressions of the probability of ruin and the different measures of the deficit at ruin if ruin occurs can then be easily obtained (see Example 1 for the Erlang (2, β) ).
Optimization problems regarding ruin probability. Which is the best strategy in order to minimize the ruin probability of the insurer? In order to answer this question we solve two optimization problems. Firstly, the insurer only considers the proportional reinsurance option. Let ψ k (u) be the ruin probability when all the variables that influence the probability are fixed except the retention level k,
being (24) the expression for the probability of ruin in this case. It can be proved that this optimum exists, but the expressions for the optimal point and the minimum value have not been included for the sake of brevity. In Table 1 , we include the results of this minimization for different values of u, being k * the minimum point. The expectation, the variance and the Value at Risk and the Tail Value at Risk for different levels p (0.95, 0.99 and 0.995) of the deficit at ruin if ruin occurs can also be found in Table 1 for the optimal k * . Tabla 1. Minimum probabilities of ruin with proportional reinsurance and Table 1 shows that the minimum ruin probability and the optimal retention level decrease as the initial reserves are increased. Considering that the insurer retains precisely that optimal level that minimizes the ruin probability, the measures analyzed in the table show a decrease in all cases when the initial reserves are higher. As a particular case, the results show that if the insurer has zero initial reserves, the best option is not to reinsure (k * = 1) and to retain all the business (this result is consistent with the one obtained in [4] ).
The second optimization problem appears when the insurer considers the threshold proportional reinsurance option (then, (25) is a particular case). Let ψ(b, k 1 , k 2 ) be the ruin probability as a function of (b, k 1 , k 2 ) when u is considered to be a parameter. Thus, the problem is,
where the ruin probability is calculated with (21) . This problem is solved numerically with the function NMinimize of the software Mathematica. Table 2 includes the optimum (b * , k * 1 , k * 2 ) with the corresponding minimum probability of ruin for different values of u. We have also included Table 1 for proportional reinsurance. 
Source: Own elaboration
In this second optimization, the results in Table 2 show that the optimal point slightly varies in spite of the increase in the initial level of reserves. However, as expected, the minimal ruin probability decreases when the initial reserves increase. At the optimal point, the behaviour of the expectation, the variance, the V aR and the T V aR is not monotone with respect to the initial reserves. All these risk measures slightly increase, from u = 0, and then slowly decrease as the initial reserves are increased. With the threshold proportional reinsurance, the insurer can always obtain a lower ruin probability than with the proportional one (with a constant retention level). In Table 3 , the differences of these two minimum probabilities of ruin (the first one attained with proportional reinsurance and the second one attained with threshold proportional reinsurance) are shown, in relative values, for different u. These relative differences are less important when the initial reserves are small and that these differences increase with respect to the initial reserves, up to a specific bound (in this case a 15% approximately).
Optimization and decision problems including the deficit at ruin if ruin occurs. Does an optimal reinsurance strategy such that minimizes the different risk measures of the deficit at ruin if ruin occurs exist? The answer to this problem is no, because the optimal strategy would be to retain nothing.
Then, let us consider the deficit at ruin if ruin occurs as an additional criterion to the ruin probability. We have seen (Tables 1 and 2) that for a fixed u, the minimum ruin probability that can be attained with a threshold proportional strategy is always lower than the corresponding one with proportional reinsurance. For a fixed u, we can obtain all the equivalent strategies to the optimal one with proportional reinsurance, in the sense that with all these strategies the insurer obtains the same probability of ruin. Then, the risk measures (expectation, Value at Risk and Tail Value at Risk) related to the deficit at ruin if ruin occurs are taken as an additional decision criterion to choose between these strategies.
Lets consider, without loss of generality, that u = 0.25. The minimum ruin probability is 0.497108, with k = 0.466294. We obtain an infinite number of (b, k 1 , k 2 ) that also allows obtaining this probability of ruin, with a bounded value for b, 0 ≤ b ≤ 2.99566. Figure 1 includes, for several b, the values of k 1 and k 2 that give the same ruin probability 0.497108; the combination k 1 = k 2 = 0.466294 is a specific point of all these curves (the point where all of them coincide). For the insurer, a proportional reinsurance with a retention level 0.466294 is indifferent to all these other threshold proportional reinsurance strategies if the insurer only considers the ruin probability. But what happens as regards the deficit at ruin? Let us focus, for instance, on the case b = 0.5. In Figure 2 , this curve is represented again and the point corresponding to the proportional reinsurance is marked with big black dot while other selected points are marked in gray. In Figure 3 , the different risk measures of the deficit at ruin,
for p = 0.95, p = 0.99 and p = 0.995, are depicted. If we consider the expected deficit at ruin if ruin occurs, for b = 0.5 (see Figure 3 ), we conclude that all the threshold strategies with retention levels k 1 < 0.466294 = k * and k 2 < 0.466294 = k * are best options than the proportional one, because the expected deficit at ruin if ruin occurs is lower. This result can be extended to the other measures, V aR p and T V aR p , for different levels p.
Let us consider also the other possible combination (b, k 1 , k 2 ) with 0 ≤ b ≤ 2.99566, which are equivalent to the proportional one (k 1 = k 2 = k * = 0.466294). In Figure 4 , the expectation of the deficit at ruin if ruin occurs is plotted for some of these combinations with different b. We observe that not all of these combinations must fulfill the condition k 1 ≤ k * and k 2 ≤ k * , in order to improve the expectation of the deficit at ruin if ruin occurs. A similar conclusion is reached for the other risk measures.
Concluding remarks
In this paper, we consider the classical risk theory model assuming a Poisson process and an individual claim amount phase-type distributed, modified with a proportional reinsurance with a retention level that is not constant and depends on the level of the surplus. This type of reinsurance, called threshold proportional reinsurance, has been first defined and studied in some of our previous papers [3, 4] , and includes, as a particular case, the classical proportional reinsurance with constant retention level.
The main contribution of this paper consists on the study of the effect of the threshold proportional reinsurance on the probability of ruin and on the other risk measures related with the deficit at ruin. The Gerber-Shiu function is used as the mathematical tool in order to obtain general results that can be translated into explicit expressions for phase-type 2 distribution. We also perform a comparative analysis with the proportional reinsurance.
Regarding the probability of ruin of the insurer, it can be minimized choosing an appropriate constant retention level or, in an alternative way, using an appropriate combination of two different retention levels and a threshold surplus level, b, to change from one retention level to the other. From our analysis, we conclude that the threshold proportional reinsurance is the best option for the insurer if he takes his decisions looking only at the ruin probability, because the threshold proportional reinsurance allows him reducing the ruin probability without increasing the initial capital. This superiority of the threshold proportional reinsurance is stressed (reinforced) when the insurer considers also the random variable deficit at ruin if ruin occurs to take his decisions. We have seen in our examples that, with the threshold proportional reinsurance, the insurer can improve (reduce) the expectation (and the V aR and the T V aR) of the deficit at ruin if ruin occurs with the same ruin probability than the best proportional reinsurance.
Finally, substituting (A.12) in (A.11), (10) is obtained. For u > b, we can obtain φ (N +1) 2 (u) by an analogous process substituting c 1 , k 1 and φ 1 (u) by c 2 , k 2 and φ 2 (u).
